We show that classicality emerges during quantum phase transtions due to parametric interactions without coupling to environments. The Wigner functions are explicitly calculated for the Gaussian vacuum, number, and thermal states of a free scalar field that describes the spinodal instability regime. The Wigner functions are sharply peaked around their classical trajectories during the phase transition and exhibit classical correlation only for unstable long wavelength modes but retain quantum coherence for short wavelength modes. Thus classicality emerges from the quantum evolution of phase transition without a classical order parameter. We define a quantal ordering parameter that is linear in the field variable and satisfies the classical field equation.
I. INTRODUCTION
A system becomes classical when it recovers classical correlation and loses quantum coherence, i.e. decoheres. The present Universe, for instance, is believed to experience a quantum-to-classical transition at a certain stage of its evolution from its early quantum state. One of such decoherence mechanisms is interactions with environments [1] [2] [3] . The environment-induced decoherence mechanism explains correctly the density perturbation necessary for structure formation of the present Universe [4] . Phase transitions are another interesting phenomenon in which the quantum-to-classical transition plays an important role. The order parameter of phase transitions can become classical through an interaction with environments [5] .
Another decoherence mechanism is parametric interactions of open systems. The parametric interaction does not require the system to interact directly with an environment. The coupling constants (parameters) of the open system change explicitly in time. Quantum field models in which the mass parameter changes sign during a quench of second order phase transitions provide such an open system. In these models a classical order parameter not only describes the dynamical evolution of phase transitions but also prescribes quantum fluctuations, which are necessary for domains or topological defects [6] . In a previous paper [7] we introduced a quantum phase transition model without an order parameter in which a certain symmetric quantum state drives the phase transition. A question is then raised how the quantum phase transition exhibits classical features.
In the field models the order parameter is introduced as a classical background around which quantum field fluctuates [6] . However the expectation value of the field vanishes globally from symmetry (parity) arguments [5] . There is still a room for explanation of the order parameter in quantum theory; the field may condensate into a coherent state and have a nonzero expectation value. This restricts, however, the initial quantum state to either a coherent or coherent-thermal state [7] . If the system starts from an exactly symmetric state such as the Gaussian vacuum and thermal states, the quantum law yields the zero expectation value throughout the phase transition. On the other hand, in the previous paper [7] another possibility is discussed that the phase transition may proceed quantum mechanically in the symmetric quantum state, such as the Gaussian vacuum, number, and thermal states, even without forming globally a coherent condensate.
In this paper we show how classicality emerges from the symmetric quantum evolution of phase transitions. Our model is a free massive scalar field, the mass of which changes sign to mimick a quench of the second order phase transition. This model describes quite well the quantum process of phase transitions during the spinodal instability regime [7] . To test classicality we derive the density matrices and the Wigner functions for the Gaussian vacuum, number, and thermal states. The measure of classical correlation and quantum decoherence is employed as a criterion on classicality of quantum evolution of phase transitions [8] . It is found that the density matrix and the Wigner function exhibit manifestly classical correlation for unstable long wavelength modes which grow exponentially, while short wavelength modes maintain quantum coherence. It is further suggested that a quantal quantity can be defined out of long wavelength modes to play the similar role of order parameter. Finally we discuss the effect of short wavelength modes on decohering long wavelength modes through the mode coupling between them.
The organization of this paper is as follows. In Sec. II we derive the density matrices and the Wigner functions for the Gaussian, number, and thermal states. In Sec. III we use the measure of classical correlation and quantum decoherence and show that unstable long wavelength modes exhibit classicality, whereas short wavelength modes maintain their initial quantum coherence. In Sec. IV we define a quantal order parameter that is linear in the field variable and satisfies the classical field equation. Finally in Sec. V we discuss decoherence of quantum phase transition in a self-interacting model.
II. DENSITY MATRIX AND WIGNER FUNCTION
As a model for the second order phase transition we consider a real free scalar field with the Lagrangian density
We assume that the mass changes sign during the second order phase transition. Following Ref. [9] , the action (1), upon a suitable mode-decomposition, leads to the Hamiltonian
where α denotes Fourier modes defined by
The Fourier modes (3) are Hermitian because φ * k = φ −k . The Hamiltonian (1) thus consists of decoupled, time-dependent oscillators. In quantum field approach the fundamental law is the functional Schrödinger equation (in unith = 1)
As every mode is decoupled from each other, the wave functional to the functional Schrödinger equation (4) is now given by the product
of the wave functions of the Schrödinger equation for each oscillator:
The Fock space consisting of exact quantum states for a time-dependent oscillator was first constructed by Lewis and Riesenfeld [10] (for the references on many different methods, see [11] ). The quantum evolution of the scalar field (1) is now reduced to that of individual oscillators in Eq. (6) . To find each Fock space we follow the so-called Liouville-von Neumann (LvN) approach developed in Refs. [7, 9, 11] . In the LvN approach one finds a pair of operators for each mode of the Hamiltonian (2)
that satisfy the quantum LvN equation
The quantum LvN equation (8) leads to the classical equation of motion for a complex ϕ α
By requiring the Wronskian conditioṅ
one can makeâ α (t) andâ † α (t) satisfy the standard commutation relation for all times
In the LvN approach the exact quantum state of a time-dependent oscillator is determined, up to some time-dependent factor, by an eigenstate of a Hermitian operator satisfying Eq. (8) . For instance, the vacuum state is the zero-particle state,â α (t)|0, t = 0, according to the standard quantum mechanics. Hence as the phase transition proceeds, the time-dependent vacuum state at later times after a quench is a squeezed state of the initial vacuum state [11, 12] . As both operators in Eq. (7) already satisfy Eq. (8), we choose the Hermitian number operator for each modeN
and find the Fock space consisting of time-dependent number stateŝ
The number states are then given byâ
To find the density matrix we need the number state in coordinate representation [7] Ψ nα (φ α , t) = 1 2πϕ
where H nα is the Hermite polynomial. From the definition of the density matrix for a pure state |Ψ
we find the density matrix for the number state (15)
where
Once given the density matrix (17), one can find easily the Wigner function [13] 
Substituting Eq. (17) into Eq. (19), we obtain the Wigner function forĤ α
where L nα is the Laguerre polynomial and
We now turn to the density matrix and the Wigner function for the thermal state. Aŝ N α (t) already satisfies the quantum LvN equation, the following density operator can be used for each mode [7, 9] ρ
Here β and ω α,i stand for free parameters, which are to be fixed by the temperature and frequency, respectively, of the initial thermal equilibrium. From the density matrix [7] ρ Tα (φ
we obtain the Wigner function
The density matrix (17) and the Wigner function (20) for the Gaussian vacuum state (n α = 0) are also obtained by taking the zero temperature limit β → ∞ of Eqs. (23) and (24). The nature of number states (15) and the thermal state (17) can also be understood from the Wigner functions (20) and (24). In particular the 1-σ contour of the Wigner function contains some useful kinematical information of quantum states in phase space. The 1-σ contour of Wigner function is defined by
Equation (25), quadratic in π α and φ α , describes a rotated ellipse, so we can find the major and minor axis through the transformatioñ
Then Eq. (25) is written in the standard form
Note that the area of ellipse for each mode
does not change during the phase transition. This fact implies that the phase transition only squeezes the initial quantum state of the free scalar field. The entropy of each mode given by
is also constant, i.e. isentropic, and vanishes for the vacuum state (β → ∞) as expected.
III. CLASSICAL CORRELATION AND QUANTUM DECOHERENCE
We now study the classical correlation and quantum decoherence of the density matrix (17) and the Wigner function (20) for the number state and of the density matrix (23) and the Wigner function (24) for the thermal state. The Wigner function (20) oscillates for excited states and is not always positive definite, so it does not describe a true probability distribution in phase space. On the other hand, the Wigner function is positive definite for the Gaussian vacuum and thermal state. The thermal state is of particulary physical interest in phase transitions because it is motsly likely that the initial state is a thermal state. Moreover, the vacuum state is the zero-temperature limit (β → ∞) of the thermal state.
A quantum system achieves quantum decoherence when the interference between classical trajectories is lost, and it recovers classical correlation when the Wigner function is peaked along a classical trajectory. As the coherence length of position is determined by the offdiagonal element of the density matrix, the degree of quantum decoherence is measured by the damping of the off-diagonal element [2] . We shall use the measure for quantum decoherence and classical correlation defined in Ref. [8] .
Roughly speaking, the coherence length of position is determined either by the coefficient of φ 2 ∆,α of the density matrix (17) or by the coefficient of π 2 α of the Wigner distribution (20) [2] :
Hence the coherence length increases or decreases depending on whether ϕ α grows or decays. A long coherence length implies a large degree of quantum interference, so quantum decoherence is conditioned by small l x . More rigorously, the representation-independent degree of quantum decoherence [8] , which is defined as the square root of the ratio of the coefficient of φ 2 α,∆ to the coefficient φ 2 α,C , yields
This means that the free scalar field carries the initial quantum coherence throughout the phase transition. On the other hand, the degree of classical correlation is given by [8] δ CC = 1
The quantum system recovers classical correlation when δ CC ≪ 1 and loses quantum coherence when δ QD ≪ 1. So the system becomes classically correlated only when ϕ α grows during the evolution. In the opposite case of decaying ϕ α , the degree of classical correlation increases compared to that of quantum coherence, and the system retains quantum coherence. To see how the classical trajectory is recovered when δ CC ≪ 1, we look into the Wigner function (24). Each contour (with the same value) of the Wigner function, which is quadratic π α and φ α , depicts an ellipse in phase space. Suppose that both the classical field φ α and the auxiliary field ϕ α grow exponentially during the phase transition:
Then the classical trajectory obeys
On the other hand, the last term in Eq. (21) is suppressed exponentially compared to the first two terms and the overall coefficient of exponent increases exponentially, so the Wigner function (24) is sharply peaked around
The above equations show that the Wigner function is sharply peaked around the classical trajectory only when the mode function grows exponentially. We apply the criterion on classicality to the second order phase transition via an instantaneous quench, in which the mass changes sign as
The most general solutions to Eq. (9) before the quench are given by
Before the quench, the system is stable and has the minimum expectation value when r α = 0, which leads to the true vacuum state. So r α ( = 0) is a squeezing paremeter of the true vacuum state and the vacuum state in Eq. (14) is the one-parameter squeezed vacua [11] . After the quench, we find the solutions for unstable long wavelength modes that match continuously the initial solutions (38) at the onset of the quench (t = 0):
The solutions for stable short wavelength modes are given by
After the quench, the amplitude square of long wavelength modes increases exponentially as
So the classical correlation (34) for long wavelength modes decreases exponentially to zero as the spinodal instability continues. But the quantum decoherence (33) remains constant. Also the Wigner function (20) is sharply peaked around the classical trajectory π α ≃ω α,f φ α . On the contrary, the short wavelength modes have the oscillating, bounded, amplitude
So the measure of classical correlation (34) cannot become arbitrary small for short wavelength modes. Hence these short wavelength modes retain quantum coherence throughout the phase transition.
IV. QUANTAL ORDER PARAMETER
In the previous section it is found that unstable long wavelength modes recover their classical correlation but stable short wavelength modes retain quantum coherence during the quench. Thus the parametric interaction via the quench makes the quantum phase transition exhibit classicality. As some, though not all, of the essential features of the second order phase transition can also be explained by classical theory, it would be interesting to find a quantal quantity that behaves like a classical order parameter.
In quantum theory the order parameter is frequently defined by φ (t, x) , the mean value of the field. Any state that yields a nonzero mean value is a coherent state and the mean value satisfies the classical field equation corrected with quantum fluctuations. However the thermal (Gaussian vacuum) state studied in this paper is symmetric, so the expectation value of the field modes (field) with respect to this state vanishes:
The nonvanishing expectation values come from the quadratic moment of the field or field modes. One candidate is the two-point function φ (t, x)φ(t, y) . It satisfies the classical field equation in the case of a free scalar field but not a self-interacting scalar field. As the two-point function is quadratic in the field variable, we wish to define a quantity that is linear in the field variable and satisfies the classical field equation. We note that the quadratic moment of the field mode also has a nonzero expectation value
The classical equation (9) for a complex ϕ α leads to the equation [7] 
where ξ α is the amplitude of ϕ α :
The last term in Eq. (48), which originates from quantization rule and guarantees the Heisenberg uncertainty principle, can be neglected for long wavelength modes because ξ α increase exponentially during the quench. So we have approximatelÿ
As each ξ k e ik·x satisfies the classical field equation, it follows that the quantal quantity defined by
also satisfies the classical field equation
It should be remarked that φ O is linear in the field variable and is defined out of long wavelength modes, which become classically correlated during the quench. In this sense φ O carries many features of a classical order parameter.
V. CONCLUSION
We studied the classical correlation and quantum decoherence in quantum phase transitions. For the initial state such as the exact Gaussian vacuum, number, and thermal states before the phase transition, the expectation value of the field vanishes throughout the evolution. So it cannot be used as an order parameter. However the phase transition in such a state can still be explained entirely within the framework of quantum field theory. In quantum phase transitions long wavelength modes become unstable and grow exponentially during the quench. We showed that the Wigner functions for these long wavelength modes are sharply peaked around their classical trajectories and thus recover classical correlation and behave classically. Whereas, short wavelength modes are stable throughout the quench process and retain quantum coherence. Thus classicality emerges from long wavelength modes, out of which a quantal quantity is defined that is linear and satisfies the classical field equation and thus behaves like a classical order parameter.
Classicality is, in a strict sense, conditioned not only by the recovery of classical correlation but also by the loss of quantum coherence. However the free scalar model considered in this paper does not achieve the complete quantum decoherence, because the measure of quantum decoherence keeps the value determined by the initial Gaussian vacuum or thermal state. So, depending on the relative magnitude between the measures of classical correlation and quantum decoherence, the system recovers partially classicality. To achieve classicality in the genuine sense of zero quantum decoherence measure, it is necessary for long wavelength modes to couple to an environment. In a self-interacting scalar field model, the coupling between long and short wavelength modes may play the same role [5, 14] as the environment. Then a sufficiently large number of short wavelength modes can decohere completely long wavelength modes. This requires an analysis beyond the Hartree-Fock or Gaussian approximation. Recently it is shown that no-Gaussian effects may enhance the domain size [15] . Such non-Gaussian effects are expected to play an important role in achieving quantum decoherence in quantum phase transitions.
